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A Multipole Analysis of a Dielectric Loaded Coaxial
Rectangular Waveguide

Magdy Z. Mohamed and John M. Jarem, Member, IEEE

Abstract—A multipole analysis of a coaxial rectangular wave-
guide whose inner conductor is circular is made in order to
determine the TE and TM modes of the system. The analysis is
based on using multipole (dipole, quadrupole, etc.) electric and
magnetic current sources to generate field solutions in the
waveguide. These solutions are used to match electromagnetic
boundary condition in a homogeneous coaxial rectangular
waveguide and determine the TE and TM eigenvalues of the
waveguide system. The analysis is a generalization of a method
first proposed by Mahmoud and Wait [1] to study propagation
along thin wires in a coal mine shaft. Eigenvalue results of the
multipole method are compared with results of the Generalized
Spectral Domain method [5], [6] and are compared to eigen-
value results of a ridged waveguide [13].

Propagation in a coaxial rectangular waveguide is also stud-
ied when the coaxial rectangular waveguide is loaded with lossy
inhomogeneous dielectric material. A variational formula is
used to relate the TEM, TE and TM modes of an empty coaxial
rectangular waveguide to the propagation in the loaded inho-
mogeneous dielectric waveguide. Propagation in a four wire
anechoic chamber is given as an example of the application of
the theory developed in the paper.

I. INTRODUCTION

N INTERESTING problem in the area of electro-
magnetics is the problem of determining the propa-
gation characteristics of a coaxial rectangular waveguide
which is either loaded or not loaded with complex, lossy
inhomogeneous, dielectric material. Research on this
problem has been worked on by many authors including
Mahmoud and Wait [1] who studied the propagation char-
acteristics of a thin wire in a coal mine, Sarkar er al. [2],
Gruner [3], who studied the propagation characteristics of
a coaxial rectangular waveguide (with the application of
using the coaxial rectangular waveguide as a communi-
cation element in a microwave circuit) and by Heinrich
et al. [4] (and many other authors) who studied the prop-
agation characteristics of shielded microstrip lines with
applications to millimeter and microwave theory. Omar
and Schiimemann [5], [6] just very recently have devel-
oped a generalized spectral domain (GSD) method to de-
termine the eigenmodes of a coaxial waveguide (contain-
ing either circular or rectangular conductors).
A further application of the solution for the EM fields
and propagation constants of a coaxial rectangular wave-
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guide, concerns the design of a four parallel wire an-
echoic chamber system [7], [8] where the wires or inner
conductors of the system may or may not be thin. This
particular system, as its name implies, consists of four
parallel wires which are placed in a long rectangular
shaped anechoic chamber whose walls are covered with
pyramidal absorbers (see Fig. 1). For more details about
the chamber design refer to [8]. The four wire system is
used to excite near TEM waves which simulate at low
frequencies, a uniform plane wave. Because of the sym-
metries of the above problem, the propagation character-
istics of the above system are not changed if one studies
an inhomogeneously dielectric loaded coaxial rectangular
waveguide which is electrically short circuited on three
sides and magnetically short circuited on one side (see
Fig. 2).

The purpose of the present paper will be to present an
analysis of a coaxial rectangular waveguide when the
waveguide is and is not loaded with inhomogeneous di-
electric. The numerical analysis will be based on a two
part approach. The first part consists of using multipoles
to determine the TEM, TE, and TM modes of a homo-
geneous, coaxial rectangular waveguide. The modes
(TEM, TE, and TM) which result from the multipole
analysis are then used as trial functions in a variational
expression presented by Harrington [9] to define a matrix
eigenvalue equation whose solution then gives the prop-
agation constants of the lossy dielectric loaded, coaxial
waveguide system.

The method to be presented in this paper will be a gen-
eralization of the method first presented by Mahmoud and
Wait [1] to solve for the EM fields of a thin wire in a coal
mine shaft. The coal mine shaft was modeled as a parallel
plate waveguide which is transversely loaded with lossy
dielectric material in all parts of the waveguide except the
shaft area itself. The basis of their method was to use an
electric monopole to excite an EM field solution in an
empty waveguide and then use this solution to match EM
boundary conditions at the thin wire surface, and thus find
the eigenmodes of the coaxial waveguide. The present pa-
per will generalize the MW [1] method by using a series
of multipoles (dipoles, quadrupotles. etc.) to generate lin-
ear combinations of source excited fields to match EM
boundary conditions at the inner coaxial conductor. Use
of a linear combination of multipole excited field solu-
tions allows a more accurate matching of EM boundary
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Fig. 1. A simple model of a four wire anechoic chamber is shown. The dielectric layer variation was taken to be ¢,(N) =1 —
(e, — DA~ N/H)* where N is the normal distance from the anechoic chamber wall, H is the height of the pyramid and ¢,

is the relative dielectric permittivity of the pyramid.
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Fig. 2. A cross section of the four wire anechoic chamber is shown in (a)
and its wire loaded rectangular waveguide equivalent is shown in (b).

conditions at the inner coaxial conductor than is possible
with a single monopole excited field, which thus means
that a more accurate determination of the eigenmodes of
the system can be made, particularly when the inner coax-
ial conductor is not small. The generalization of the MW
[1] method by use of a series of multipoles is also useful,
as it allows eigenmodes in the coaxial guide, as is shown
later, to have ¢ azimuthal variation around the inner con-
ductor of the coaxial system (see Fig. 2(b)) rather than
just nearly ¢-independent variation as occurs from a sin-
gle monopole alone. Earlier research on azimuthal current
distribution on circular wires has been worked on by
Bridges [10] who studied the interface effects on the prop-
agation constant and fields of a bare conductor buried in
a lossy half-space and by Pogorzelski and Chang [11] who
studied the validity of the thin wire approximation in anal-
ysis of wave propagation along a wire over a ground. A
very recent paper by Omar and Schiinemann [5] (using
GSD) has studied the ¢ azimuthal dependence of the TE
and TM modes of a coaxial inner conductor when the in-
ner conductor was circular. The generalized multipole
technique is presented by Hafner [12].

In addition to the previously described anechoic cham-
ber example, the theory developed in this paper may be
of use to anyone who is interested in studying propagation
in shielded microstrips (either with or without inhomo-
geneous dielectric present) or coaxial waveguides in which
the inner conductor radius is or is not small. The theory
of this paper will be of interest to these people, because
as is well known, the solution of microstrip or coaxial
waveguide problems in the inner conductor parameter
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range just listed can be quite difficult to solve by finite
difference (FD) or finite element (FE) methods. The above
problem is difficult to solve by FD and FE methods (par-
ticularly for higher order modes) as the inner conductor
in the above parameter range causes sharp discontinuities
in the EM fields of the waveguide system near the inner
conductor, discontinuities, which require prohibitively
small grid element spacing (which result in large eigen
matrix system) for accurate modeling.

II. CoaxiaL, RECTANGULAR WAVEGUIDE MULTIPOLE
SoLuTION

The present authors are interested in this section in us-
ing the method presented by MW [1] to derive the TE and
TM modes of a coaxial rectangular waveguide. Several
important remarks about the analysis need to be discussed
before the analysis is made. The first remark concerns the
fact that if the conductivity of the lossy dielectric material
used in [1] approaches infinity, it is found that the result-
ing eigenvalue equation only predicts the TM modes of
the waveguide and cannot predict any TE modes. TE
modes would not arise in the formulation of [1] (when ¢
— o), as [1] didn’t consider the EM fields that could
arise from a magnetic delta source (same as a magnetic
monopole source) as they were only interested in propa-
gation modes which were coupled directly to the thin wire.
They had assumed that all other modes (including TE
modes if ¢ — o) could be determined from the wave-
guide when the thin wire was not present in the wave-
guide. For a thin wire system this is a very good approx-
imation. The present investigation is interested in
identifying all modes, TEM, TE, and TM, which are cou-
pled to the inner conductor and which can propagate in
the rectangular waveguide. We are interested in this case
as here we are not necessarily assuming that the inner
conductor is thin.

A second remark that should be stated is the fact that
as ¢ — oo, the potentials of [1] reduce to and are equiv-
alent to using a magnetic vector potential A= A.d, in
the waveguide. This vector potential will be used to de-
termine TM modes in the present problem. The vector
potential F = F,d, will determine the TE modes.

A third remark that should be made concerning the de-
rivation of TE and TM modes in a coaxial waveguide us-
ing the method of MW [1] concerns the behavior of the
azimuthal delta source EM fields when they are evaluated
arbitrarily close to monopole (delta source) location. For
example let us consider the case where the waveguide
walls are perfectly conducting and we find the TM fields
from A = A4, using an electric monopole excitation. In
examining this solution in free space we can show from
the wave equation that the solution arbitrarily close to the
monopole acts like a Bessel function of order zero [9, pp.
223-228], and thus has no azimuthal variation. We expect
any modal variation of the TM mode near the inner con-
ductor surface to be nearly that of the monopole as the
inner conductor radius becomes smaller and approaches

zero. If this statement is true, this then means that by us-
ing only a single monopole it is not possible to calculate
any TM mode which has a nonzero azimuthal variation
close to the inner conductor. To illustrate this point a sin-
gle monopole has been used in the Appendix to calculate
the TM modes of a centered, circular coaxial waveguide.
The result of the analysis was the eigenvalue equation
(A7) which is just the eigenvalue equation for n = 0 (¢
independent) coaxial circular waveguide modes. For the
case of a centered circular coaxial waveguide use of a sin-
gle monopole, could not identify all of the other {cos n¢,
sin n¢} eigensolutions known to exist in a coaxial circular
waveguide. )

The present authors believe that a way to solve for TE
or TM modes that do have a nonzero azimuthal variation
about the inner conductor is to use multipoles (or linear
combinations of them) as described in [9, pp. 223-228]
to excite the homogeneous fields in the system which are
to be used to match EM boundary conditions at the inner
conductor surface. The multipoles as described in [9] con-
sist of electric and magnetic dipoles, quadrupoles, etc.,
with each of the individual monopoles separated from one
another by a small distance As which is assumed in the
limit to go to zero. As shown in [9] the field solutions of
the higher order derivative multipoles in free space vary
sinusoidally around the multipole line sources. In the
rectangular waveguide, the same property can be ex-
pected to hold at least approximately when the fields are
evaluated close to the multipoles. Because the multipole
field responses do vary approximately sinusoidally in ¢
(see Fig. 2(b)) near the multipole sources, the linear com-
binations of the multipoles in this paper will be chosen in
such a way as to form (at least approximately) a Fourier
series in the coordinate ¢ around the inner conductor. The
latter part of the Appendix shows how this method can be
used to determine, for example, the TE;; mode (F. =
Ji(krr) sin @) of a centered circular coaxial waveguide.

The assumption that a set of multipoles will lead to a
sinusoidal variation of the fields in the azimuthal coordi-
nate ¢ around the multipoles is justified by the fact, that
very close to the multipoles, the wave equation for A,
which is given by

VtzA: + szAz = _Io (3()6 - xo) 5(}’ - yo)

- Iu[é(y - yo){5<x - X, — Asx>
2
— 6<x - x, + Asx>}}
2
Asy
= Ly 6 = x)| 6L ¥ = yo — 7
s As,
- Yy = Yo + _2_

+ - - - higher order terms D
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when it is driven by a series of multipoles, can be very
well approximated by dropping the k%4, term in the above
equation and solving Poisson’s equation (with free space
boundary condition) to get an accurate near field solution.
If in (1), for example, we keep only the I;, term, the so-
lution for A, becomes the well known electrostatic dipole
solution:

As

_Ily y

A =
z 27r

sin ¢ (2)

As can be seen, a sin ¢ variation occurs when a first order
multipole is used. A discussion of electrostatic multipoles
may be found in Hafner [12] and Jackson [13].

The procedure for calculating the multipole field re-
sponse consists of simply calculating the delta response
of a single monopole in a rectangular waveguide, and then
differentiating this delta function response with the oper-
ator (8™ /ax5) (8" /dyy) where x, and y, are the source
coordinates of the delta source. As shown in [9] the mul-
tipole responses which have been formed by differentia-
tion by the d/dx, and 8 /dy, operators will have associ-
atec with them in all of free space, respectively, a cos ¢
and sin ¢ variation. From this information one can con-
clude that the multipole response formed from a
(@™ /9x7)(3"/dy,) differentiation will have a multipole
response which has a cos™ ¢ sin” ¢ variation associated
with it. By choosing the proper linear combinations of
{cos" psin"p}m=0,1,2,---;n=0,1,2, it
is possible in free space to construct a linear combination
of the multipole responses so that its response equals cos
(Ip) or sin (Ip), I = 0, 1, 2 - - - . In a waveguide by
analogy with the free space case, the linear combinations
of multipoles in free space which produced the cos (/¢),
sin (I¢) variation will produce in the waveguide, near the
inner conductor, a linear combination of multipole re-
sponses which have a ¢ variation which is not precisely a
cos (l¢) or sin (I¢) function, but one which approximately
equals this variation. (See Fig. 5 for a numerical exam-
ple.) These near sinusoidal multipole responses (near to
cos (Ip) or sin (I¢)) can be used to form a series in ¢
which is close to being a sinusoidal Fourier series and
thus a very useful one with which to expand and deter-
mine the unknown EM fields which exist near the inner
conductor surface.

Based on the preceding discussion, the procedure that
has been used to calculate the TE and TM modes of the
waveguide system consists of expanding the unknown EM
fields near the inner conductor surface in the near sinu-
soidal Fourier series (with as yet still unknown coeffi-
cients) which has been described in the previous para-
graph and then forcing the tangential electric field
associated with this series to be zero at the inner conduc-
tor surface to meet EM boundary conditions. Sinusoidal
testing functions are used to impose the just described EM
boundary condition (see (9)). Concerning the numerics of
the proposed procedure, we may say that the closer that
the near Fourier series described in the previous para-

graph is to an exact Fourier series in ¢, the closer then is
the present procedure to being an orthonormal one (and
therefore a highly desirable one which produces a diago-
nal matrix eigenvalue equation) since in this case sinu-
soidal terms are being used for both expansion and testing
functions at the inner conductor surface. When the near
Fourier series deviates from a sinusoidal series at the in-
ner conductor surface, the testing and expansion proce-
dure, becomes a non-Galerkin one, but is still neverthe-
less a valid procedure for eigenmode determination of the
system.

To illustrate the procedure, we will present the formu-
lation of the TE case when three waveguide walls are per-
fect electric conductors and one wall is a perfect magnetic
conductor (see Fig. 2(b)). The electric vector potential
response of a delta magnetic source of strength K, 6(x —
x,) 8(y — y,) which excites the wave equation at cutoff:

[VZ + k3F, = =K, 8(x — x,) 8(y — y,) (3

is given by

) cos il
a el
b y
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FQ =
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4 0o * 2/ a
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FO© = ng() F9 sin k,,x cos n%r y
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o= ()

I\«

kT < <m + §> ;l‘,
K, = strength of the electric delta current source and 6, ,
is the discrete Kronecker delta function. In the above
expressions £ is the unknown eigenvalue of the mode to
be determined, and F®, F®, F and F are the delta
function responses to K, 6(x — x,) 6(y — y,) as occur in
the regions a, b, ¢ and d of Fig. 2(b). Note that all F%
solutions meet EM boundary conditions at the outer
waveguide walls and satisfy (3). It is further important to
realize that the F¥, F functions and the F®, F func-
tions are each by themselves full separate solutions of (3)
over the entire cross-section of the waveguide. The F
solutions overlap between adjacent regions. The F and
F ﬁc) converge most rapidly in Regions (a) and (c¢) of Fig.
2(b) and the F ;’” and F gd) converge most rapidly in Re-
gions (b) and (d) of Fig. 2(b). This is computationally
very important when matching EM boundary conditions
when the inner conductor is not too large. The solution
method of (3) is given in Collin [14].

When all four walls are electric perfect conductors,
F¥ is given by

-K, nw

cos ~— Y,

FO =
¢ b

b
1 +46,.,) Ekm sin &k, a

— a) cos o y (5)
b

F may be obtained from F of (5) by replacing x, and

(x — a) in (5) with (x, — a) and x, respectively. Further

F&® may be determined from F @9 of (5) by reversing

x, y and a, b in (5) in an obvious way.

The TE modes of the coaxial rectangular waveguide are
derived by writing the F;, vector potential of the coaxial
waveguide (D in the subscript is for derivatives) as a lin-
ear combination (involving unknown coeflicients) of the
homogenecous functions which are the responses of the
higher order derivative multipoles, and then using this se-
ries to match EM boundary conditions at the inner con-
ductor surface. The F') series is given in any of the four
regions a, b, c, and d by the series

+ cos kX, cos k., (x

oo
Fih = 2 aLiF
I=1

It

had = a 0 , . ;
22, L<a_ a_yo>fé 050r o) ') 45'0)
(6)

i=a,b,c d

where p = m or n, fjf,’)(x) and \b,(,’)( y) are the x and y sin-
usoidal modal functions of regions a, b, ¢ or d in (4) (or
(5), fV(x,, y,) are the coefficients of series in (4) (or (5))
for each of the regions i = a, b, ¢, d, L, is a higher order
derivative operator which operates on the coefficients
g)(xo, ¥,), and a; are unknown coefficients which are to
be determined from matching EM boundary condition at
the inner conductor surface. The first five L; derivatives
which are used in this paper are given by

s={19 y 8¢ P @

— . 7
ox,” dy,” ox2  dy%’ 3x06yj ™

These functions, for an inner conductor radius which is
not too large, give rise to an axial ¢ variation around the
conductor surface of [1, cos ¢, sin ¢, cos 2¢, and sin 2¢].
To match boundary conditions at the inner conductor
surface, the FU) series as given by (6) is used to calculate
the E, electric field at the inner conductor surface, and
the E, field, since it is the tangential electric field, is set
to zero at the inner conductor surface. The E, boundary
condition is imposed by multiplying the E, field by the
testing functions {z,}7 _, = {1, cos @, sin ¢, cos 2¢, sin
2¢}. As can be seen from the preceding discussion, the
testing and expansion functions form a Galerkin and
nearly orthonormal procedure for enforcing EM boundary
conditions at the inner conductor surface when the mui-
tipole series of (6) is close to a sinusoidal Fourier series.
The equations that result from the above procedure are

Ll|l=1

O = §0 tl'(¢) Eq&(r’ d))lr:p d¢ (8)
d pof
0= 2 S t(d)[—sin EY + cos EP] dp  (9)
i=a Jo;
where
o _ _9FY o _OFL .
Ex=—ay,Ey= PRg. i=a,b,c,d (10)
and where

- * 7w 37 S5«
¢ 4’4 4° 4
and ¢;" are 7 /2 greater than ¢, . Substitution of (6) into
(8)-(10) leads to a 5 X 5 matrix equation which can be
used to calculate the unknown eigenvalue k; of the sys-
tem, calculate the unknown g; coefficients and thus form
the associated TE eigenfunctions of the system. A similar
procedure to that which just has been presented for TE
modes can be used to calculate TM modes. The procedure
can be extended to any number of Fourier terms.

In addition to determining the TE and TM modes of a
coaxial rectangular waveguide, it is also necessary, be-
cause the coaxial waveguide is a two conductor system,
to determine the TEM wave mode which can propagate
in the waveguide system in order that a complete field
description be known. The TEM wave mode solution in
this paper has been determined from a solution of La-
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place’s equation with boundary conditions appropriate to
that of a coaxial waveguide. This solution has been de-
termined in a previous research paper and the details arc
given [8].

The present method can be applied to shielded micro-
strip waveguides and coaxial rectangular waveguides
where the inner conductor is not necessarily circular if the
testing surface shape given in Fig. 2(b) is simply taken to
be near that of the noncircular coaxial waveguide inner
conductor. In the case of microstrip inner conductor
(which is an important example) this shape could be a
wide flat rectangle strip or a flattened ellipse of high ec-
centricity which approximates the shape of the rectangu-
lar strip. In applying the method for an arbitrarily shaped
- inner conductor for TM modes, one would simply eval-
uate the EM field (E, or 4,) at the testing surface. In the
case of TE modes for an arbitrarily shaped inner conduc-
tor, one would have to compute from the transverse elec-
tric field E, and E,, its tangential component at the surface
of the conductor and then set this field to zero at the inner
conductor surface. An elliptic shape is suggested to rep-
resent a flat strip, as this would avoid the problems of near
field edge effects as are known to occur at sharp edges of
the strip [5].

III. CircuLAR INserT, TE WaveGUIDE MoDE (EPC
WaLLs)—-NUMERICAL RESULTS

In order to demonstrate the validity of the present for-
mulation the cutoff wavenumbers and field distribution of
the lowest order TE mode in a circular insert loaded
rectangular waveguide (4 walls are electrical perfect con-
ductor (EPC)) has been analyzed for two different numer-
ical examples. '

The first example consists of determining the two low-
est order TE modes of a circular insert loaded rectangular
waveguide when the circular insert has a relatively large
radius p = .2259 m and is placed in the center of a
rectangular waveguide wherea = 1.00l mand » = 1. m
(see Fig. 3). The two lowest order modes are very nearly
degenerate and have nulls in the H, (H, is proportional to
the F,j, field of (6)) magnetic field which occur respec-
tively at the lines x = a/2 and y = b/2 and have nulls
in the electric field which occur respectively at the lines
y = b/2 and a/2. The two lowest order TE modes were
found to have cutoff frequencies of k; = 2.490085 m ™'
and k; = 2.492970 m™'. Despite the closeness in values
of the cutoff frequencies, no numerical problem occurred
in determining these values. Fig. 3(a) shows the H, (or
F,p) field of the lowest order mode and Fig. 3(b) shows
E, associated with this mode. As can be seen E, meets
EM boundary conditions at the inner conductor surface
almost exactly. The other nearly degenerate mode is not
shown, but is very similar to that of Fig. 3(a) except that
its H, variation is in the y direction rather than the x di-
rection of Fig. 3(a). Because a > b this is to be expected.
An extremely interesting feature of the solution was the
fact that for the lowest order mode, only the a, coefficient
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Fig. 3. (a) Shows the H, field when all four walls are EPC and a centered
circular insert of radius p = .2259 m 1s placed at the center of the wave-
guide @ = 1.001 m and b = 1. m. (b) Shows the E, electric field over the
entire cross section of the guide. The flat circular region shows where the
EM fields are zero in the circular insert conductor. (They have been set to
zero there.)

(L, F, = cos ¢) of (6) was nonzero (all other coefficients
were almost exactly zero). This means that for this case,
the L, F. multipole was able to exactly provide the eigen-
mode equation of the waveguide by itself. This occurred
despite the large radius used. The same feature occurred
for the next higher, almost degenerate mode, except that
the a3 coeflicient was nonzero and all of the other coeffi-
cients were a zero. The Appendix shows that the L, F,
multipole provides the exact eigenvalue equation for a cir-
cular coaxial waveguide system. It is interesting that when
a circular insert is placed in a nearly square rectangular
waveguide that the L,F_. multipole also in this case pro-
vides almost the exact eigenvalue equation for the system.

The symmetry of the lowest order TE mode is identical
to that of a ridged waveguide which has a circular ridge
and occupies 1/4 of the area of the present waveguide
system. This is useful as the ridged waveguide results of
Utsumi [16, Fig. 3, TE,, hybrid mode curves] can be
compared approximately to the present results provided
that the circularinsert areas of the present case and those
of Utsumi are made equivalent in value. The value of p
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= .2259 m in the present example corresponds to the val-
ues of t/ag = s/bg = .4 of Utsumi’s paper (ag and by
are Utsumi’s waveguide dimensions). The cutoff fre-
quency of the ridged waveguide [16] was k; = 2.387 m™!
as opposed to 2.490 m~! for the present case. An un-
loaded TE,, waveguide mode cutoff wavenumber for
comparison is w/a = 3.14159 m~'. The agreement is
reasonably close considering that Utsumi [16] analyzed a
square ridge rather than a circular one.

As a second example, the lowest order TE mode of a
rectangular waveguide which has been loaded with a non-
centered circular insert has been calculated. The cutoff
wavenumber and the TE field distribution has been cal-
culated by two different methods, namely the formulation
as given by (5)-(10) of this paper and has been calculated
by the Generalized Spectral Domain method as given by
{5, Egs. 1-5]. The rectangular waveguide has been taken
to have dimensions ¢ = 1.001 m, » = .85 m and to be
loaded with a circular insert whose radius is .08 m and
whose center location is x, = .56 m and y, = .62 m. The
insert radius in this example is relatively small and should
only perturb the unloaded TE waveguide by a small
amount. The GSD solution was calculated by using 11
basis functions of [5, Eq. (2)] namely {cos (i¢), sin (i¢)
i = 0, 5}. Odd and even expansion terms were needed
because of the off center position of the insert. The
rectangular waveguide modal series of [5, Eq. (1)] in-
cludes in its calculation terms up to values of n = 60 and
m = 60. In programming the GSD method [5] all matrix
integrals were calculated exactly using Bessel functions
and were cross checked by direct numerical integration.
Fig. 4(a) shows the H, field distribution as results from
the GSD solution [5], (k7 = 3.200 m~") and Fig. 4(b)
shows the H, field distribution as results from Eqs. (5)-
(10) of this paper (k; = 2.9987 m~"). The H. field has
been set to zero at the flat surface in Figs. 4(a) and (b).
As can be seen there is general agreement between the
methods with both methods showing that circular insert
loaded mode is only slightly perturbed from its unloaded
waveguide field distribution. It can also be seen that the
GSD method converged well everywhere except close to
the insert (the poor convergence or Gibb’s phenomenon
associated with the GSD method near the wire is dis-
cussed in length in [5], [6]) and along a strip near the wire
aty = .62 m. The multipole method converged extremely
smoothly in all parts of waveguide inciuding near the in-
sert surface. Fig. 4(c) show the E, tangential field com-
ponent as results from the multipole method. The flat sur-
face in Fig. 4(c) represents the surface where E; = 0. The
EM boundary condition that the tangential electric field
be zero at the surface of a perfect conductor is being sat-
isfied very well. The Ey tangential field using GSD [5,
Eq. (3)] was not found to be zero near the wires surface.
A disturbing feature of the GSD solution was the fact that
the GSD method found a cutoff frequency which was k¢
= 3.2000 m~ ' > 7/a whereas the multipole method
found a root where k7 = 2.999 m~! < 7 /a. The ridged
solution of Utsumi [16] indicates that the TEq ridged

waveguide mode which corresponds at least approxi-
mately to the present case should have a value which is
less than 7 /a. Based on [16] the present authors believe
that the eigenvalue of the present example should be less
than 7 /a and close to the value predicted by the multipole
method.

Fig. 5(a) and (b) show plots of the individual multipole
terms verses the angle ¢ as occurs when the individual
multipole terms are evaluated at the surface of the circular
insert. Fig. 5(a) shows the L, F, term by itself and Fig.
5(b) shows the L\ F,, L3 F., LyF,and LsF_ terms. The L, F,
was shown alone as it was so much larger than the other
terms. As can be seen from the figures the L3 F_, LyF,,
LsF, terms came remarkably close to being proportional
respectively to the sinusoidal terms sin ¢, cos 2¢ and sin
2¢ which they were predicted to be by the discussion of
(1), whereas the LF, and L, F. terms were approximately
equal (within 20%) to the sinusoidal terms cos O¢ and cos
¢ respectively. Fig. 5(a) and (b) show that the multipole
field response provides a basis near the circular insert
which although not perfectly sinusoidal, is still neverthe-
less a highly linearly independent, smoothly varying and
well behaved set of basis functions with which to expand
the H, and E, fields at the surface of the circular insert
and thus determine the modes of the system. The fact that
the L, F, term was large and the other terms small show
that the eigen solution converged very quickly to the so-
lution.

In concluding this section it’s extremely interesting to
note that despite the fact that two different series namely
F9, F and F%, F) were used to calculate the fields
of Figs. 3(a), 3(b), 4(b), 4(c), 5(a). and 5(b) that no dis-
continuities from the series solutions can be seen at the
Region a, b, ¢, or d boundaries. The lack of discontinu-
ities in the E, field shown in Figs. 3(b) and 4(c) is partic-
ularly interesting since to calculate this field it was nec-
essary to take partial derivatives of F p ((6)) with respect
to x and y.

IV. Lossy DieLeECTRIC WIRE LOADED WAVEGUIDE

This section will be concerned with presenting some
numerical examples of the propagation constants and EM
field patterns that result when the theory which has been
described in Section II is applied to the case of propaga-
tion in a four wire anechoic chamber. As a specific ex-
ample a four wire anechoic chamber which has transverse
dimension of ¢ = 1 mand » = 1 m, a wire position of x,
= .56 m and y, = .62 m, a wire radius of p = .02 m,
which is covered by pyramidal absorbers which have a
height of .2 m and is operated at a frequency of 47.7 MHz
(ko = 1.m™") has been chosen for study. Because of sym-
metry only the upper right quadrant of the insert of Fig.
1 need be analyzed. Propagation in this structure has been
analyzed using the theory of Section II in conjunction with
the variational expression presented in [9, Eq. 7.86, p.
347]. The modal expansion set used in the variational
expression of [9] consisted of the TEM mode, the four
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lowest order TE modes, and the four lowest order TM the presence of the wire when calculating the TM eigen-
modes that could propagate in the non-dielectric filled values of the system. The H. field of the TE modes on the
coaxial waveguide. The non-dielectric filled coaxial other hand was hardly perturbed by the presence of the
waveguide in this case consists of 3 EPC walls and one  wire. A numerical integration verified that the above
MPC wall. The Fig. 1 caption gives the wall dielectric = modes were orthogonal to one another as they should be.

layer variation (see [8]) used in this section.

Fig. 7 shows the magnitude and phase of the E, field

The four lowest TE modes in a coaxial rectangular as determined by the variational method of [9] when com-
waveguide were found to have cutoff wavenumbers of k; puted over the upper half of the cross section of the an-
= 1.57, 3.51, 4.70, and 5.66 m~' and the four lowest echoic chamber (see Fig. 7 inset.) Three different dielec-
TM modes were found to have cutoff wavenumbers of tric cases were studied namely when the pyramidal rela-

3.88,6.12,6.76 and 8.16 (m~"). Figs. 6(a) and (b) show tive dielectric permittivity assuming the values of ¢,, =

1

respectively at cutoff, the E, fields magnitude associated —j.1,2 —j.5, and 3 — jl. Fig. 7(a) shows the magnitude
with first and fourth TM modes. This figure clearly shows of E, when ¢,, = 3 — jl. The E, magnitude varied little
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with €,, and the magnitude of E, was virtually the same
for the other dielectric cases. Fig. 7(b), (¢}, and (d) show
the phase of the E, field when ¢,, was 1 — j.1,2 — j.5,
and 3 — j1 respectively. As can be seen from these fig-
ures, €, has a large effect on the uniformity of the phase
of the E, field as the real and imaginary part of e,, in-
crease. In Fig. 7(b) when ¢,, = 1 — j.1, the phase has a
variation which is less than one degree over the target

zone of the chamber, whereas in Fig. 7(c) and (d) the ,

phase becomes increasingly bow shaped as the real and
imaginary parts of ¢,, increase. The real and imaginary
parts of the propagation constant were found to increase
as the real and imaginary parts of ¢,, increased, as is phys-
ically expected. The propagation constant values are given
on the figures.

In performing the matrix analysis of Fig. 6(a)-(d) it
was found for a fixed value of ¢,, that the TE modes in-
teracted very weakly with the near TEM mode of the sys-
tem whereas the TM modes interacted strongly with this
mode. In the dielectric loaded waveguide case, it was nu-
merically verified that the complex modes satisfied z di-
rected power orthogonality as is physically expected.

V. SUMMARY AND CONCLUSION

A generalized multipole analysis of the propagation in
a circular insert loaded rectangular waveguide has been

made when the coaxial waveguide was homogeneous and
when the coaxial waveguide contained an inhomogeneous
dielectric material. For the homogeneous waveguide case,
the TE and TM eigenmodes of the system have been iden-
tified and field plots of them have been displayed. The
higher order derivative multipoles were shown both the-
oretically and numerically to be close to sinusoids when
evaluated close to the circular insert. Comparison of nu-
merical results for the £ of a centered circular insert with
a ridged waveguide were shown to be in agreement. The
L, F, multipole acting alone was found to provide an exact
eigenvalue equation for a centered circular insert rectan-
gular waveguide. Comparison of numerical results for the
k7 of an off centered circular insert in a rectangular wave-
guide were made by the multipole method and the GSD
method [5] and approximate agreement was found be-
tween the methods.

It is informative to compare the GSD method [5] with
the multipole method of the present paper and of MW [1].
OS {5] have classified their method as a spectral domain
method because of the fact that all EM fields and associ-
ated matrices elements that result from the application of
their method can be expressed as an infinite summation
over the sinusoidal waveguides modes which can propa-
gate in an unloaded rectangular waveguide. The field am-
plitude expressions in the infinite summations which de-
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pend on the modal wavenumbers k, = nw /a, k, = mx /b
(n,m=20,1,2, - - ) form the spectral representation of
[5]. Using this classification criteria, the multipole method
of the present paper and MW [1] can also be classified as
a generalized spectral domain method since all field quan-
tities depend on an infinite summation over the waveguide
modes of the system. A chief difference which arises be-
tween the method of OS [5] and the multipole method of
this paper is that the infinite series that arise in the mul-
tipole method converge much more rapidly than the series
that arise in the OS [5] method. This is true because the
GSD method of [5] involves a doubly infinite summation
over products of sinusoidal functions and Bessel functions
of the first kind (the Bessel functions arise from integra-
tion of the sinusoidal waveguide modes around the cir-
cular insert) which tend to go to zero slowly with increas-
ing argument, whereas the multipole method used in the
present paper (and MW [1]) involves only a singly infinite
sum of products of sinusoids and decaying exponential
terms. The decaying exponential terms go to zero rapidly
with increasing argument. The present authors believe that
rapid convergence of the series that occurs in the multi-
pole method may be one of the reasons why Gibb’s phe-
nomena didn’t arise in Figs. 4(b), 4(c), 5(a), and 5(b)
using the multipole method, but did arise in Fig. 4(a) us-
ing the OS [5] method.

For the case when an inhomogeneous dielectric filled a
wire loaded rectangular waveguide, the complex propa-
gating modes were identified through the extremalization
of a variational expression. EM field plots of the resulting
propagation modes were given and it was shown that in-
creasing phase distortion of the near TEM wave resulted
as the real and imaginary parts of ¢, increased.

APPENDIX

In this appendix we apply the multipole method to the
problem of determining the TM eigenmodes of a (inner
conductor radius p) circular cylindrical coaxial waveguide
when the wire is centered in the waveguide. According to
this method we place an electric delta line current source
at r = 0, and find the EM fields which arise from this
source. Later these delta excited fields are point matched
at the inner conductor surface to find the TM modes of
the system.

To find the delta excited fields we solve the wave equa-
tion

VA, + k*A, = —1,6(7)e " (A1)
at cutoff v = 0, and thus solve
VA, + kA, = —1, 8(x) 8(y) (A2)

where k; = k is the unknown cutoff wavenumber (yet to
be determined) of the coaxial circular waveguide. It is
important to note that for any small but non zero value of
p, krin (A2) is different in value than any of the cutoff
frequencies of an unloaded or empty circular waveguide.
(These are kr,, ,a = P, , where P, , are roots of J,(P,, ,,)

= 0). Because k1 is different from kg, ,, this means that
the solution to (A2) is only the forced response due to /,
8(7,) alone and that a separate homogeneous nonzero ei-
gensolution A cannot also contribute to the A, solution.
Put another way, when I, = 0, this implies 4, = 0.

To solve (A2) we surround the source 6( 7,) by a loop
of radius e(e — 0), find a homogeneous solution to (A2)
exterior to the loop, and then apply Stokes’ Theorem to
Maxwell’s second curl equation over the small loop to
find the connection of the delta excitation with the ho-
mogencous solution. The A, solution exterior to the delta
source after imposing boundary conditions (4,|,-, = 0)
is given by

A= D ALTker) + ByNy(krryle™

where
_ J n(k Ta)
N,(kra)

Application of Stokes’ Theorem over the small loop e
surrounding the source is given by the equation

B, = (A3)

r=e¢

SVXFI-&zds
= SO th|r:e€d¢

= jwe, S E-a,ds+ 1 S 8(F)ds (Ad)
Se Se

= 2 Akr[Jlkre) + B,Nkre)le”™. (AS)
The first integral on the right most side of (A4) is zero as
e —~ 0 (as E, is finite at the delta source) and the integral
over delta function is unity. Integration from 0 to 27 over
the infinite series gives zero for all terms except n = 0.
Keeping only the n = 0 term, letting ¢ — 0 and using the
small argument form of N)(kre), we find 4, = 1,/(48,)
and that

1
A, = —"—
z 4Jo(kTa) [Jo(kTr) No(kTa)
— Jykra) Ny(krr)]. (A6)
Point matching A4,(r) to zero at r = p we find
0 = Jylkrp) Nolkra) — J(kra) No(kzp). (A7)

This is the usual ¢-independent (or n = 0) eigenvalue
equation of a coaxial circular waveguide.

Note that when using the forced response of a single
monopole that an azimuthally varying eigensolution such
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as [4,(J,(krr) + B,N,(krr)]e’™, n # 0, cannot be deter-
- mined from (A7).
An analysis of the TE equation

V’F, + k3F, = —K, §(7) (A8)

by a method similar to that used for (A2) shows the E,
field is given by

K, k
E, = 4—B,f Uyk7r) + BLNykyp)] (A9)
where
g = _ Jolkra)
" Nykra)

Point matching of E; at r = p shows the TE eigenequation
is

0 = Jolkrp) Ny(kra) — Jo(k1a) Ny(krp) (A10)

which is the usual TE coaxial eigenvalue equation. It’s
interesting to note in this case that the use of a single
magnetic monopole to solve (A8) doesn’t predict the low-
est order TE mode of coaxial circular waveguide regard-
less of how small the inner conductor radius is. (The low-
est order coaxial waveguide mode approaches, for p small,
the TE;; mode of a circular waveguide, namely, E, =
Ji(krr) sin ¢). Use of a single monopole in a circular
coaxial waveguide would lead to the conclusion that only
¢ symmetric solutions can exist in the waveguide.

The present authors believe that just as a circular coax-
ial waveguide can possess modes with ¢ variation close
to the coaxial center conductor (even if its radius is small)
that a conductor insert in a rectangular waveguide can also
have modes which exhibit a ¢ variation close to the sur-
face of the inner conductor. The present authors also be-
lieve that these modes cannot be formed by using a single
¢-independent monopole, but require higher order multi-
poles (as given in [9]) for these modes proper determi-
nation.

In this appendix we would also like to see if a TE,;
mode which has ¢ dependence (sin ¢) and which cannot
be determined by a single monopole, can have its eigen-
values determined by a multipole analysis. The multipole
analysis in this case will consist of exciting the wave
equation with a dipole source, rather than monopole
source, calculating its E, field, and setting its Ey to zero
at the wire radius p. The dipole excited wave equation is

K
VF, + k3F, = —71 8r —r1,)

-[5<¢—§ ~8 ¢+g } (A11)

The solution of F, in the above equation may be found by
determining the delta response of a monopole located in
a circular waveguide at a general point r,, ¢,, specializing
those results to the individual monopole responses of the
monopoles in (A11) and then using superposition to add

these responses together to get the response of (A11). The
procedure used by James [15] can be used to find the re-
sponse of (All). Once the F, solution is found, the E,
solution is given by E, = 0F,/dp. After performing al-
gebra the E; solution is given by

E,= % K,[J”(——kﬂ—‘?—)] singn (k)

n=1 Jh(kra)
* [Nykra) Jykrr) — Jy(kra) Ny(krr)] sin ne
r>r,. (A12)

As r, = 0, the n = 1 term is the dominant term of the
series and thus only this term is retained. Setting £, = 0
at r = p, we find

0 = Nilkra) Jitkrp) — Ji(kra) Ni(krp)

which is the well known n = 1 TE eigenvalue equation
for a coaxial circular waveguide.

A higher order derivative multipole solution does lead
to ¢ dependent solution around the wire (in fact the exact
eigenvalue equation in this case). ‘
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